In this paper we investigate the self-focusing of a Gaussian beam in a saturable nonlinear medium. We show that the dynamics of the incident Gaussian beam become progressively more complicated as the ratio of the Gaussian spot size to that of the ground-state solution is increased for a fixed energy flux. As this ratio is increased (or decreased) from unity, recurrence of the field is observed followed by a mixture of recurrence and azimuthal-symmetry breaking, and finally there is strong azimuthal-symmetry breaking resulting in beam breakup into solitary waves. In this last stage there is no evidence that the field will recur at larger propagation distances.
I. INTRODUCTION In 1968 Marburger and Dawes [1] published numerical simulations of the self-focusing of a cylindrical Gaussian beam in a nonlinear medium with a saturable, intensitydependent, refractive index. The significance of these simulations was that by including saturation they allowed the calculation to be carried through the first focus, in contrast to the nonsaturable case which predicted singular collapse [2 -4] , at least in the paraxial approximation [5] . These simulations showed that an incident Gaussian beam could go through multiple foci, sometimes periodically, with propagation distance [1, 4] . This behavior was in agreement with the theoretical predictions of Wagner, Haus, 'and Marburger [6] , obtained using a constantshape approximation.
In general, however, the transverse-intensity profile of the propagating beam cou1d develop a series of concentric-ring structures, in which case the constant-shape approximation was violated [1] .
Later, Konno and Suzuki [7] reported numerical simulations of Gaussian beam self-focusing in a saturable nonlinear medium in which cylindrical symmetry of the propagating beam was not imposed from the outset as in previous studies [1, 3, 4] . Instead they solved the nonlinear propagation problem using Cartesian rather than cylindrical coordinates. They found that as the initial Gaussian beam propagates it can oscillate between a central focal spot and a ring structure, in agreement with Marburger and Dawes [1] , but that upon further propagation the azimuthal symmetry could be broken (see Fig . 5 of Ref. [7] ). This led to the situation in which the ring structure was replaced by four equally spaced focal spots. This is a clear example of a transverse instability. Transverse instabilities arise for nonlinear waves whose description requires fewer dimensions than that of the full geometry in which the problem is posed [2] . For the case at hand, the field can initially be described using the coordinates (r, z), which is two dimensional. The transverse instability corresponds to growth of perturbations which depend on the azimuthal angle 0 in threedimensional cylindrical coordinates, resulting in periodic beam breakup. Such periodic beam breakup had previously been investigated theoretically by Bespalov and Talanov [8] , and Suydam [9] , and both theoretically and experimentally by Campillo, Shapiro, and Suydam [10, 11] Fig. 4 of Ref. [7] ) [1, 4, 7] . (Recurrence has previously been studied in a number of other nonlinear wave equations with periodic boundary conditions imposed [12 -18] [19] e(~E~) = ei, + Ae", (1+ E ) where eb is the background dielectric constant, he", & 0 is the saturated change in dielectric constant, and~E~is scaled such that it is the intensity in units of the saturation intensity. This particular form for the nonlinearity was chosen on the basis of its application to simple physical systems, namely, two-level systems, and in particular nonresonant excitation of atomic vapors [20 -22] . In addition, this saturable nonlinearity does not give rise to catastrophic collapse in a finite distance [2] . Then (4) Equation (2) is the starting point for our discussion of propagation in a saturable self-focusing medium. with the boundary conditions (6) It is straightforward to show that Q~q The utility of this representation lies in the fact that the ground-state solution for a saturable medium can often be reasonably approximated as a Gaussian beam of the form [6, 22, 24, 25] Ao(r)= A exp( r /2s, ) -. (8) Figure 1(c) shows a comparison between the exact ground-state solution (solid curve} for the data point inarked in Fig. 1 [26] , along with the initial field given in Eq. (9) . As a test of the scheme we propagated the Gaussian approximation to the ground-state solution for an energy flux IG =Ip=1170.5. This initial field profile propagated stably over large distances with minimal change in profile, which is in accord with the fact that the exact ground-state solution is stable with respect to form (i.e., small transverse perturbations) [2] . The numerically determined ground-state solution propagated stably and with no detectable change in profile. Fig. 1(b) Fig.   2(a) , the curve being parametrized by the propagation coordinate z. Clearly the motion is highly periodic, and this is also displayed in Fig. 2(b) Fig. 1(b Fig. 4 (a) the spatial ring is evidenced by the fact that the on-azis field twice passes close to zero, these corresponding to the propagation distances at which the spatial ring appears. Fig. 1(b) ].
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We now turn to the question of the stability of the cylindrically symmetric simulations.
To proceed we first briefly describe our previous approach to the stability of the higher bound states of a saturable nonlinear medium A"(r), n = 1,2, 3, . . . [19] . As mentioned in Sec. II Fig. 1{b) ]. obtain the growth rates for the unstable perturbation eigenmodes. The results were then compared with those obtained from an approximate analytical stability theory, with excellent qualitative agreement. In this approximate theory the key idea was the stability properties could be assessed by considering each spatial ring separately. Then, for example, we were able to predict that for one example of an n = 2 higher bound state the inner ring would break up into three focal spots, and the outer ring into seven focal spots (see Fig. 10 of Ref. [19] ).
The point of the above discussion is to highlight the fact that the development of transverse instabilities is linked with the presence of spatial rings. Then, for exarnple, for the simulations in Figs. 2 and 3 spatial rings are absent and we may therefore expect that these simulations would remain intact even if they were performed using Cartesian coordinates (which is indeed the case). In contrast, for the simulation in Fig. 4 the field does become a spatial ring at various stages of the propagation [ Fig. 4(b}) Fig. 4(b For this analysis we shall concentrate on the example shown in Fig. 4(b Following the treatment in Ref. [19] we define the mean radius r and amplitude A of the spatial ring AsR(r ) in Fig. 4(b) as r= f 2rrr~AsR(r)~dr f 2nr~Astt(r)~.dr, (10) and A= f 2mr~AsR(r)~dr f 2mr~AsR(r)~dr, where the integrations extend over the numerical grid.
For this case r=5.675 and A =2.49. We now assume that the stability properties of the spatial ring can be obtained from a simple one-dimensional model in which the ring of radius r is unfolded. The equation for the field amplitude A (s,z ) along the ring is taken of the form Eq. (14) ensures that the field is periodic in 8, but allows for modulations to develop around the ring. This means that we are dealing with a transverse instability which breaks the azimuthal symmetry of the problem [2,9 -11,19] . By substituting Eq. (14) into (12) (16) where I is a 5-correlated white-noise source obeying Figure 5 shows the predicted growth rate 5 as a function of the azimuthal index m for the spatial ring in Fig.   4 Fig. 4 [point III in Fig. 1(b) ], the propagating field now displays azimuthal-symmetry breaking for a propagation distance of only z =90. This figure shows the field intensity profiles as a function of the transverse coordinates (x,y) at selected propagation distances. As the field propagates it initially goes between a central focal spot and a spatial ring as illustrated in Fig. 4 . However, upon further propagation the continuous rotational symmetry of the spatial ring is broken yielding the twofold symmetric structure shown in Fig. 6(a) 6(b) illustrates how the twofold symmetric structure looks the next time it appears at z =107.5. Here we see that the azimuthal modulation continues to grow with propagation distance as expected, however, a 90' rotation of the orientation of the twofold symmetric structure is observed. One possible explanation for this phenomenon is that it is a nonlinear Berry's phase arising from the fact that the system is going through near cyclic motions [28] .
We are currently investigating this phenomenon in more detail.
The noise term is intended to mimic random fluctuations in the input beam which will serve to seed any latent instability in the system. All of the numerical simulations reported here were verified for several realizations of the noise term to ensure that our conclusions were not the product of a wild fiuctuation. Fig. 4(b Fig. 1(b}] . Upon further propagation the profile evolves into a central focal spot and a threefold symmetric structure [Fig. 7(c)]. For a propagation distance of z =90' [Fig 7(d) [30 -32] .
